Purpose -The purpose of this paper is to investigate the effect of uniform lateral mass flux on nonDarcy natural convection of non-Newtonian fluid along a vertical cone embedded in a porous medium filled with a nanofluid. Design/methodology/approach -The resulting governing equations are non-dimensionalized and transformed into a non-similar form and then solved numerically by Keller box finite-difference method. Findings -A comparison with previously published works is performed and excellent agreement is obtained. Research limitations/implications -The model used for the nanofluid incorporates the effects of Brownian motion and thermophoresis. It is assumed that the cone surface is preamble for possible nanofluid wall suction/injection, under the condition of uniform heat and nanoparticles volume fraction fluxes. Originality/value -The effects of nanofluid parameters, Ergun number, surface mass flux and viscosity index are investigated on the velocity, temperature, and volume fraction profiles as well as the local Nusselt and Sherwood numbers.
Introduction
Convective flow in porous media has been widely studied in the recent years due to its wide applications in engineering as geophysical thermal and insulation engineering, the modeling of packed sphere beds, the cooling of electronic systems, groundwater hydrology, chemical catalytic reactors, ceramic processes, grain storage devices, fiber and granular insulation, petroleum reservoirs, coal combustors, ground water pollution and filtration processes, to name just a few of these applications. However, representative studies in this area may be found in the monographs by Vafai (2000) , Pop and Ingham (2001) , Ingham and Pop (2002) , and Nield and Bejan (2006) . Also, the study of laminar boundary layer flow heat transfer in non-Newtonian fluids from surfaces through porous media has received considerable attention in recent years because it is an important type of scientific and engineering applications such as aerodynamic extrusion of plastic sheets and fibers, drawing, annealing and tinning of copper wire, paper production, crystal growing and glass blowing. Such applications involve cooling of a molten liquid by drawing it in to a cooling system. Cheng et al. (1985) studied the problem of natural convection heat transfer of Darcian fluids over cone embedded in a fluid-saturated porous media. Chen and Chen (1988) studied the free convection of non-Newtonian fluids over vertical surface in porous media. Nakayama and Koyama (1991) investigated the natural convection over a non-isothermal body of arbitrary shape embedded in a porous medium. Pascal and Pascal (1997) reported the free convection in a non-Newtonian fluid saturated porous media with lateral mass flux. Yih (1998) considered the effect of uniform lateral mass flux on natural convection of non-Newtonian fluids over a cone in porous media. Gorla and Kumari (2000) employed a non-similar solution for mixed convection in non-Newtonian fluids along a wedge with variable surface heat flux.
On other side, nanofluids are prepared by dispersing solid nanoparticles in fluids such as water, oil, or ethylene glycol. These fluids represent an innovative way to increase thermal conductivity and, therefore, heat transfer. Unlike heat transfer in conventional fluids, the exceptionally high thermal conductivity of nanofluids provides for exceptional heat transfer, a unique feature of nanofluids. An innovative technique for improving heat transfer by using ultra fine solid particles in the fluids has been used extensively during the last several years. The term nanofluid refers to these kinds of fluids by suspending nano-scale particles in the base fluid and it has been introduced by Choi (1995) . Buongiorno (2006) introduced a comprehensive survey of convective transport in nanofluids by studying the Brownian motion and the thermophoresis on the heat transfer characteristics. Duangthongsuk and Wongwises (2008) studied the influence of thermophysical properties of nanofluids on the convective heat transfer and summarized various models used in literature for predicting the thermophysical properties of nanofluids. Nield and Kuznetsov (2009) have studied the natural convection past a vertical plate in a porous medium saturated by a nanofluid with the effects of Brownian motion and thermophoresis. Gorla et al. (2011a) have discussed the mixed convective boundary layer flow over a vertical wedge embedded in a porous medium saturated with a nanofluid. Gorla et al. (2011b) have also presented a similarity analysis for the problem of steady boundary-layer flow of a nanofluid on an isothermal stretching circular cylindrical surface. The problem of natural convection boundary layer of a non-Newtonian fluid along a vertical cone embedded in a porous medium saturated with nanofluid was performed by Rashad et al. (2011) . Khan and Aziz (2011) have studied the double-diffusive natural convective boundary layer flow over a vertical plate embedded in a porous medium saturated with a nanofluid. Uddin et al. (2012) have presented a numerical solution for free convection boundary layer flow of nanofluid from a heated upward facing horizontal flat plate embedded in a porous medium. Chamkha and Rashad (2012) reported the problem of natural convection from a vertical permeable cone in nanofluid saturated porous medium with uniform heat and volume fraction fluxes. Chamkha et al. (2012b) have analyzed the effect of radiation on boundary-layer flow of a nanofluid on a continuously moving or fixed permeable surface. Chamkha et al. (2012a Chamkha et al. ( , 2013a investigated the effects of Brownian motion and thermophoresis on mixed convection over a wedge and cone embedded in a porous
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Non-Darcy natural convection flow medium filled with a nanofluid. Chamkha et al. (2013b) have also examined the transient natural convection flow of a nanofluid over a vertical cylinder. RamReddy et al. (2013) investigated the double-diffusive mixed convection heat and mass transfer in the boundary layer region along a flat plate in a nanofluid. Murthy et al. (2013) have considered the magnetic effect on thermally stratified nanofluid saturated non-Darcy porous medium. obtained an analytical solution for stagnationpoint flow of a Casson nanofluid over a stretching surface in the presence of convective boundary conditions. The problem of non-Darcy natural convection boundary-layer flow adjacent to a vertical cylinder embedded in a thermally stratified nanofluid saturated non-Darcy porous medium is presented Rashad et al. (2014) . Nadeem and Haq (2014) have also studied the effect of thermal radiation for MHD boundary layer flow of a nanofluid past a stretching sheet with convective boundary conditions. Hence, based on the above-mentioned investigations and applications, the present paper considers the effect of uniform lateral mass flux on non-Darcy natural convection boundary-layer flow of a non-Newtonian fluid over a permeable vertical cone embedded in a porous medium filled with nanofluid in the presence of effects of Brownian motion and thermophoresis. The cone surface maintained at uniform heat and nanoparticles volume fraction fluxes. The effects of nanoparticles Brownian motion and thermophoresis are included in the model. Numerical calculations were carried out for different values of the various dimensionless parameters controlling the flow regime, heat and mass transfer.
Governing equations
Consider the problem of mixed convection of a non-Newtonian fluid along a permeable vertical cone embedded in a porous medium filled with a nanofluid. The model used for the nanofluid incorporates the effects of Brownian motion and thermophoresis. The cone surface is maintained at a uniform heat flux and nanoparticles volume fraction flux q w and m w , respectively, and the ambient temperature and nanoparticles volume in the ambient medium are T N and C N , respectively. Figure 1 shows the flow model and physical coordinate system. The origin of the coordinate system is placed at the vertex of the cone, where x and y are Cartesian coordinates measuring the distances along and normal to the surface of the cone, respectively. In the formulation of the present problem the following common assumptions are made: the flow is steady, incompressible, two-dimensional, convective fluid and the porous matrix is everywhere in local thermodynamic equilibrium and the fluid properties are assumed to be constant, except for density variations in the buoyancy term. Under these assumptions and the application of the Boussinesq and boundary-layer approximations, the governing conservation equations, with momentum equation based on the Darcy-Forchheimer model, can be written as Yih (1998) :
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where u, v, T and C are the x-and y-components of velocity, temperature and nanoparticles volume fraction, respectively. K, β, g, D B and D T are the permeability of the porous medium, volumetric expansion coefficient of the fluid, gravitational acceleration, Brownian diffusion coefficient and thermophoretic diffusion coefficient, respectively. K * , γ, μ, ρ f and ρ p are the porous medium inertial coefficient, cone half angle, fluid viscosity, fluid density and nanoparticles mass density, respectively. α ¼ k m /(ρc) f and τ ¼ (ρc) p /(ρc) f are the effective thermal diffusivity of porous medium and the ratio of heat capacities, respectively. k m , (ρc) f and (ρc) p are effective thermal conductivity, heat capacity of the fluid and the effective heat capacity of nanoparticles material, respectively.
The boundary conditions suggested by the physics of the problem are given by:
where V w is the uniform transpiration velocity. We assume that the boundary layer is sufficiently thin in comparison with the local radius of the cone. The local radius to a point in the boundary layer, therefore, can be replaced by the radius of the cone r, i.e., r ¼ x sinγ. For the power law model of Christopher and Middlemann (1965) and Dharmadhikari and Kale (1985) proposed the following relationships for the permeability:
where d is the particle diameter and ε is the porosity. n the power law index. For the case n o 1 the fluid represent the (shear-thinning or pseudo-plastic fluid), n ¼ 1.0 (Newtonian fluid) and n W 1 (shear-thickening or dilatant fluid).
Introducing the stream function such that: ru ¼ ∂ψ/∂y, rv ¼ −∂ψ/∂x and invoking the following dimensionless variables:
into Equations (1)- (5) produce the following non-similar equations and boundary conditions:
The dimensionless boundary conditions become:
where a prime denotes partial differentiation with respect to η and:
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are the generalized modified Rayleigh number, non-Darcy parameter, buoyancy ratio, Brownian motion parameter , thermophoresis parameter and Lewis number, respectively. In the above equations, It is noted that the mass flux parameter ξ W 0 for V w W 0 corresponds to the case of fluid injection and ξo 0 for V w o 0 corresponds to the case of fluid suction or withdrawal. Also, it is important to notice that most nanofluids examined to date have large values for the Lewis number Le W 1 (see Nield and Kuznetsov (2009) ). For water nanofluids at room temperature with nanoparticles of 1-100 nm diameters, the Brownian diffusion coefficient D B ranges from 4×10 −12 to 4×10 −4 m 2 /s. Furthermore, the ratio of the Brownian diffusivity coefficient to the thermophoresis coefficient for particles with diameters of 1-100 nm can be varied in the ranges of 0.02-2.0 for alumina, and from 2 to 20 for copper nanoparticles (see Buongiorno (2006) for details). Hence, the variation of the non-dimensional parameters of nanofluids in the present study is considered to vary in the mentioned range.
Of special significance for this problem are the local Nusselt and Sherwood numbers. These physical quantities can be defined as:
3. Numerical method and validation The governing Equations (8)- (10) with the boundary conditions (11) are non-linear partial differential equations. The system of Equations (8)-(10) are solved numerically using an implicit finite-difference scheme known as the Keller box method as described by Cebeci and Bradshaw (1984) . For solving the non-linear system of equations in the Keller box method, we used the Newton-Armijo method (1995) with a reduced factor 0.0001. The computations were carried out with Δη ¼ 0.01 (uniform grids). The value of η ∞ ¼ 8 was found to be sufficiently enough to obtain the accuracy of |f ''(0)| o 10 −6 . In order to access the accuracy of the numerical results, we have compared the results obtained by this numerical method with the previously published work of Cheng et al. (1985) and Yih (1998) for various values of n for Darcian flow (R ¼ 0) in the absence of nanoparticles volume fraction parameters (Nr ¼ Nb ¼ Nt ¼ 0). These comparisons are presented in Tables I and II . It can be seenfrom these tables that excellent agreement between the results exists. These favorable comparisons lend confidence in the numerical results to be reported in the next section. Figures 2-4 display the effect of power law index parameter n on the dimensionless velocity f', temperature θ and volume fraction ϕ profiles, respectively. It is mentioned that the power-law fluid viscosity indices n ¼ 0.5,0.75 (shear-thinning or pseudo-plastic fluid), n ¼ 1.0 (Newtonian fluid) and n ¼ 1.5 (shear-thickening or dilatant fluid). However, it is clearly seen that as the power-law index n increases, both the volume fraction and temperature profiles increase, while the slip velocity at the cone surface decreases. In addition, the non-Newtonian fluid with a higher power-law index has a greater thermal boundary layer thickness and a greater volume fraction boundarylayer thickness. Moreover, increasing the power-law index leads to decelerate the flow and increase either the thermal or the volume fraction boundary layer thicknesses. , they are directly proportional to 1/θ(ξ,0) and 1/ϕ(ξ,0), respectively. From these figures, it is noticed that the increasing the power-law index n leads to raise both the local Nusselt and Sherwood numbers. On contrast, as the mass flux parameter ξ increases from minus values (suction case) to positive values (injection case), both of the heat transfer rate (local Nusselt number) and the mass transfer rate (local Sherwood number) decrease. Moreover, the maximum heat and mass transfer rate corresponds to the minimum ξ. This behavior is especially clear in the large suction case.
Figures 7-9 present the effects of the buoyancy ratio Nr and non-Darcy parameter R on the velocity, temperature and volume fraction profiles. In general, increases in the value of Nr have the prevalent to cause more induced flow along the cone surface. This behavior in the flow velocity is accompanied by increases in the fluid temperature and volume fraction species as well as slight increases in the thermal and volume fraction boundary layers as Nr increases. Moreover, it is observed that, as the non-Darcy parameter R increases, both of the temperature and the nanoparticles volume fraction profiles increase, while the velocity profiles within the boundary layer decrease. This in fact is the non-Darcy parameter that represents the Forchheimer effect which is the second-order nonlinear porous medium inertial resistance. This means increasing inertial effects the Forchheimer drag will be dominant, and then causes a strong deceleration in the flow in the boundary layer. On other hand, Figures 10 and 11 depict the effects of the buoyancy ratio Nr and non-Darcy parameter R on the local Nusselt number 1/θ(ξ,0), and local Sherwood number 1/ϕ(ξ,0), respectively. As mentioned above, that the increases in the nanofluid temperature and volume fraction as Nr increases. This causes the heat and volume fraction fluxes to reduce yielding corresponding reduction in both the local Nusselt and Sherwood numbers. Furthermore, The same effect is occurred with the non-Darcy parameter R on 1/θ (ξ,0) and 1/ϕ(ξ,0). The reason for this trend happened because the nanofluid motion in the boundary layer is decelerated causing a decrease in the momentum boundary layer in the presence of Forchheimer effect and hence, enhancement in the thermal and nanoparticle concentration boundary layer thickness. Consequently, the heat and mass transfer rates decrease with increasing values of R. Finally, the effects of Brownian motion parameter Nb and thermophoresis parameter Nt on the velocity, temperature and volume fraction profiles are shown in Figures 12-14 . It is observed that the velocity profiles near the surface increase strongly with the increase of Brownian motion parameter Nb while the opposite behavior happens with the volume fraction. This increasing in the flow velocity near the surface is achieved at the expense of significant enhancement in the fluid temperature. Also, it is noticed that increasing the thermophoresis parameter Nt has a tendency to retard the flow and to decrease in the temperature profiles. This, in turn, produces a reduction in the fluid temperature and a rises in the volume fraction profiles. Furthermore, Figures 15 and 16 display the effects of Brownian motion parameter Nb and thermophoresis parameter Nt on the local Nusselt number 1/θ(ξ,0) and local Sherwood number 1/ϕ(ξ,0), respectively. In nanofluid systems, owing to the size of the nanoparticles, Brownian motion takes place, and this can enhance the heat transfer properties. This is due to the fact that the Brownian diffusion promotes heat conduction. The nanoparticles rise at the cone surface area for heat transfer. A nanofluid is a two phase fluid where the nanoparticles move randomly and raise the energy exchange rates. However, the Brownian motion decreases nanoparticles diffusion. The enhancement in the local Sherwood number as Brownian motion parameter Nb changes is relatively small. Therefore, as noted before that, the effect of the Brownian motion parameter Nb is to enhance the temperature profiles while its volume fraction reduces. This causes a decrease in the local Nusselt number and an increase in the local Sherwood number. On the other side, it is observed that the thermophoresis parameter Nt exhibits in thermal and nanoparticles boundary layer equations. This is formation with the well known fact that it is coupled with the temperature function and plays a strong role in determining the diffusion of heat and nanoparticles in the boundary layer. Thus, the increasing the thermophoresis parameter Nt causes a reduction in both the local Nusselt number and local Sherwood numbers.
Conclusions
The effect of uniform lateral mass flux on non-Darcy natural convection of nonNewtonian fluid along a vertical cone embedded in a porous medium filled with a nanofluid is investigated. The model used for the nanofluid incorporates the effects of Brownian motion and thermophoresis. The cone surface is assumed to be permeable for possible nanofluid wall suction/injection, under the condition of uniform heat 434 HFF 25,2 and nanoparticles volume fraction fluxes. The resulting governing equations are non-dimensionalized and transformed into a non-similar form and then solved numerically by Keller box finite-difference method. A comparison with previously published works is performed and excellent agreement is obtained. Numerical results for the velocity, temperature, and volume fraction profiles as well as the local Nusselt number and the local Sherwood number were reported graphically. It was concluded that both the local Nusselt and Sherwood numbers rose due to increase in the powerlaw fluid index, whereas the reverse trend is happened with increase the lateral mass flux parameter. Also, it was found that as the buoyancy ratio, non-Darcy parameter or thermophoresis parameter increased, both the local Nusselt and Sherwood numbers reduced. Finally, the increasing of Brownian motion parameter leads to enhance the local Sherwood number and to reduce the local Nusselt number.
